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Introduction

Introduction

I Problem: We want to �nd a distribution of a set of divisible
items among a set of agents in such a way that each agent
obtains the same amount and this is as high as possible.

I Example: To divide a pizza.

I Main result: An algorithm to �nd the highest even solution.
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De�nitions and notation

Lets

I M = f1, . . . ,mg be the set of divisible goods.

I N = f1, . . . , ng be the set of agents.

I A = (aij )i2M ,j2N the valuation that agent j gives to item i .
We suppose

∑
i2M

aij = c

for every j 2 N and some c 2 R.

I X = (xij )i2M ,j2N where xij is the percentage of good i
assigns to agent j .
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De�nitions and notation
We say that a solution is even if the total value obtained for each
agent is the same.

I De�nition. We say that a solution X for a distribution
problem A is even if

∑
i2M

aijxij = c

for every j 2 N and some constant c.

I The problem for �nd the best even solution

max z
s.a.

∑i2M aijxij � z j 2 N
∑j2N xij = 1 i 2 M

xij � 0
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I Dual problem

min ∑i2M vi

aijuj � vi i 2 M, j 2 N
∑j2N uj = 1

uj � 0

The dual variables uj tell us how the even value z decreases if
player j is given one extra unit of utility. The dual variables vi
tell us how the even value z increases if we add one unit of
item i .
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I Remark 1: There are m+ n� 1 basic variables.

I Remark 2: Kuhn-Tucker conditions

(aijuj � vi ) xij = 0

I Remark 3: We associate a graph to every basic solution (it
has no cycles).

g = f(i , j)jxij > 0g
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Solution of the dual problem associated to the graph

I If we know the optimal graph, then the solution of the dual
problem is direct. We need to solve the system

aijuj = vi for (i , j) 2 g .

∑j2N uj = 1

I Notice that,
z = ∑

i2M
vi
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Example

A =
�
8 10 7
4 2 5

�
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Solutions associated to the graph

Solution of the primal problem associated to the graph

I In order to solve the primal problem we need to solve the
system

∑i2M aijxij = z
∑j2N xij = 1

I If there is only one edge connecting j 2 N then xij = z
aij
.

I If there is only one edge connecting i 2 M then xij = 1.
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Algorithm

1. Find a feasible basic a-graph for A with associated dual
vectors u,v .

2. Assume z = w = ∑i2M vi
3. Find the value of the primal variables X . If X is a feasible
primal solution, then the algorithm ends.

4. Otherwise, �nd a new feasible basic a-graph and return to
Step 2.



Algorithm

Find a feasible basic a-graph

1. Include the maximum entry for each row.

2. Include n� 1 additional entries keeping dual feasibility

(h, k) := argmin
�
vi
aijuj

: (i , j) /2 E , i /2 N(Cj )
�
.

3. Update v and u.
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u = ( 513 ,
4
13 ,

4
13 ) and v = (

40
13 ,

20
13 ).



Algorithm

Finding new feasible dual vectors

1. Suppose xhk < 0. Set E 0 := En(h, k).
2. Calculate

(i , j) := argmin
�
vi
aijuj

: (i , j) /2 E 0, i 2 N(Ck ), j 2 N(Ch)
�
.

3. Update v and u.
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�
15 16 4
3 2 14
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15 then
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4(15)
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I and

x23 = 1 x11 = 72
91 x12 = 135

182 x13 = � 97
182
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Example 2

Theorem The previous algorithm produce the highest even
solution.
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