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Introduction

» Problem: We want to find a distribution of a set of divisible
items among a set of agents in such a way that each agent
obtains the same amount and this is as high as possible.

» Example: To divide a pizza.

» Main result: An algorithm to find the highest even solution.
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Definitions and notation

Lets
» M ={1,..., m} be the set of divisible goods.

» N ={1,...,n} be the set of agents.

» A= (aj)iemjen the valuation that agent j gives to item .
We suppose
Z aj ==«

for every j € N and some ¢ € R.
» X = (xj)iemjen where xj is the percentage of good i
assigns to agent j.
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We say that a solution is even if the total value obtained for each
agent is the same.

» Definition. We say that a solution X for a distribution
problem A is even if

Z ajjXjj = C
ieM

for every j € N and some constant c.
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Definitions and notation
We say that a solution is even if the total value obtained for each
agent is the same.
» Definition. We say that a solution X for a distribution
problem A is even if
2 ajjXjj = C
ieM
for every j € N and some constant c.
» The problem for find the best even solution

max Zz
s.a.
Yiemajxj >z jEN
Yiewxj=1 i€M
X,'J' Z 0
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Definitions and notation

» Dual problem
min EI'GM Vi

ajui < v ieM,jeN
Yjenuj =1
UJ'ZO

The dual variables u; tell us how the even value z decreases if
player j is given one extra unit of utility. The dual variables v;
tell us how the even value z increases if we add one unit of
item J.
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Definitions and notation
» Remark 1: There are m+ n — 1 basic variables.

» Remark 2: Kuhn-Tucker conditions

(a,-juj - V,') Xij = 0

» Remark 3: We associate a graph to every basic solution (it
has no cycles).

g ={(.j)bx; > 0}
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Solution of the dual problem associated to the graph

> If we know the optimal graph, then the solution of the dual
problem is direct. We need to solve the system
ajjuj = v

for (i,j) € g.
Yjenuj=1
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Solution of the dual problem associated to the graph

> If we know the optimal graph, then the solution of the dual
problem is direct. We need to solve the system

ajui =v; for (i,j) € g.
Yjenuj=1
» Notice that,
zZ = Z Vi
ieM
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Example
Vi
Vf: =
Uy + Uy + Us

V=G5

U!:

U;
Uy + U, +Us
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LSolutions associated to the graph

Solution of the primal problem associated to the graph

» In order to solve the primal problem we need to solve the
system
Yiem ajjXij = Z
Yjenxij =1

» If there is only one edge connecting j € N then x; = =,
y

» If there is only one edge connecting i € M then x; = 1.
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Example
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» Since z =} ey Vi = 13 and Ycpy ajxj = Z
60 _ 12
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Algorithm

1. Find a feasible basic a-graph for A with associated dual
vectors u,v.

2. Assumez=w =) ey Vi

3. Find the value of the primal variables X. If X is a feasible
primal solution, then the algorithm ends.

4. Otherwise, find a new feasible basic a-graph and return to
Step 2.
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Find a feasible basic a-graph

1. Include the maximum entry for each row.

2. Include n — 1 additional entries keeping dual feasibility

T

Vi .. .

— E N(C
i) € E,7 ¢ N(G)
3. Update v and u.

b
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|—Algorithm

Finding new feasible dual vectors

1. Suppose xp < 0. Set E' := E\(h, k).
2. Calculate

(i,j) := argmin {L (i j) ¢ E',ieN(Cy),j€e N(Ch)}.

a,-juj-

3. Update v and u.

u]

o)
I

i
it
N
»
?



|_E><a\mp|e »

Examp|e >

>

5 16 4
A_[3 }

Q>



|—E><amp|s: 2

Example 2.
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Example 2.

o 5 = = £ DA
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Example 5

>

O U,=16/16
V,=16
) v
V=14
O Us;=4
» Since ) uj = % then
T = (169(}5), 14(15)
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Example 2.
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O U,=16/15
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Example 2.
>
O U,=40113
/
V,=600113 O
O U,=75/26
V,=840/91 O
K
O U,=60/91
Since ) u; = % then
T _ (1680 336 T _ (112 105 24
vi= (gt 21) v = (21 a1 )
» and
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Theorem The previous algorithm produce the highest even
solution.
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